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1 Introduction 



Hyper-Kahler manifolds provide a fruitful relation between physics and mathematics. One of 
ingredients to study them may be solitons. For instance it is well-known that the moduli space 
for Yang-Mills (YM) instantons on ^IJ and one of Bogomol'nyi-Prasad-Sommerfield (BPS) 
monopoles |21 E] are both hyper-Kahler. Gravitational instantons |31 E] and the moduli space of 
YM instantons on gravitational instantons are also hyper-Kahler. More direct connection re- 
lated to these would be given by supersymmetric nonlinear sigma models with eight supercharges 
(like M = 2 supersymmetry in d = 4 and M = (4,4) supersymmetry in d = 2): scalar fields in 
these models belong to hypermultiplets, parametrizing target spaces which must be hyper-Kahler 
from the requirement oi M = 2 supersymmetry j7j . Conversely there exists the unique (massless) 
nonlinear sigma model for arbitrary hyper-Kahler manifold. Hyper-Kahler structure on soliton 
moduli spaces can be understood in terms of nonlinear sigma models as follows. Instantons and 
BPS monopoles can be naturally embedded into supersymmetric gauge theories with sixteen 
supercharges, and they preserve/break half of supersymmetry. Their dynamics can be described 
by nonlinear sigma models with eight supersymmetry preserved by them. The hyper-Kahler 
quotient was discovered in the context of nonlinear sigma models jHUHl- Since then it has become 
an important tool: YM instantons, gravitational instantons and YM instantons on gravitational 
instantons can be obtained by certain hyper-Kahler quotients PI El IE]- Hyper-Kahler sigma mod- 
els also give low energy effective action on the Higgs branch of vacua in A/" = 2 supersymmetric 
gauge theories [IHIIII], where target space is obtained as the hyper-Kahler quotient. 

Construction of explicit metrics on hyper-Kahler manifolds is an important problem. Compact 
hyper-Kahler manifolds are difficult to construct whereas known ones are all non-compact. In 
general an isometry of manifolds often restricts the form of their metrics. An important class of 
hyper-Kahler manifolds is given by toric hyper-Kahler (hypertoric) manifolds [SI El El El Ej , 
namely An dimensional hyper-Kahler manifolds admitting mutually commuting n tri-holomorphic 
isometrics. This class of manifolds was firstly found in construction of the general action of A/" = 2 
supersymmetric tensor multiplets |8^, which can be dualized by the Legendre transformation 
to hypermultiplets with toric hyper-Kahler manifolds. Thus M = 2 supersymmetric models 
are obviously useful to study hyper-Kahler manifolds. Any toric hyper-Kahler manifold (with 
dimension An) can be obtained as hyper-Kahler quotient of fiat space H""*"™ by U{1)^ ^3]. Hyper- 
Kahler manifolds which are not toric were studied with hyper-Kahler quotient by a product of 
gauge group Ii^^JJ{Ni) in Ref. [TBj . 

An isometry of non-Abelian group G is further restrictive for metrics of manifolds. Homoge- 
neous Kahler manifolds G/H were completely classified [T71ITH] and their Kahler potentials were 
systematically constructed [19 . Hyper-Kahler manifolds cannot become homogeneous, so we may 
consider in a slightly different way. Let us remember that homogeneous Kahler manifolds can 
be formulated as co-adjoint orbits of Lie algebra G with the so-called Kirillov-Kostant-Souriau 
symplectic structure [201 • Then, co-adjoint orbits of complex Lie algebra G^ become cotangent 
bundles G^/H^ ~ T*{G/H) over homogeneous Kahler manifolds G/H, and they are known 
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to admit hyper-Kahler metrics [21] More explicit analysis was performed for cotangent bun- 
dle over Hermitian symmetric spaces Later it was shown that cotangent bundles over any 
Kahler manifolds M (without any isometry) admit hyper-Kahler metrics at least in neighbour 

of M |2Hll2Ij. 

When one would like to construct arbitrary hyper-Kahler manifold, fully off-shell M = 2 
supersymmetric formalisms should be useful. The harmonic superspace provides such a fully 
off-shell Af = 2 superspace |2H1 121] • It can provide the most general action for hypermultiplets 
which induces the most general hyper-Kahler manifolds if one can eliminate infinite number of 
auxiliary fields. The projective superspace |Hn]^|SZ] is another fully off-shell Af = 2 superspace. 
Its equivalence to harmonic superspace was discussed [3H]- Recently the projective superspace 
in five- and six-dimensions has also been studied 1201 EDI E]- In the six-dimensional case, the 
projective superspace was first introduced in |121 to construct self-coupling of A/" = (1,0) tensor 
multiplets. 

It was shown by Gates and Kuzenko [IHl 03] that the particular multiplets in the projective 
superspace, called the polar multiplets, are suitable to describe M = 2 supersymmetric nonlinear 
sigma models on tangent (but not cotangent) bundles TM over Kahler manifolds M.^ The polar 
multiplets T* contain chiral superfields and complex linear (nonminimal) superfields 
in terms of A/" = 1 superfields, where parametrize the base Kahler manifold M and S* are 
regarded as components of a tangent vector on M. Complex linear superfields can be dualized 
by the Legendre transformation to chiral superfields ipi which can be regarded as components 
of a cotangent vector. Then, the nonlinear sigma models on cotangent bundles T*M in terms 
of solely chiral superfields (^^V',) are obtained. Once the Kahler potential /('($, $^^) of A/" = 1 
supersymmetric model on any Kahler manifold M is given, one can easily obtain its A/" = 2 
supersymmetric extension on (co)tangent bundle T^*^M with replacing chiral superfields by 
polar multiplets T*. This is nicely conforming to the mathematical result [2H1I2ZI-^ However, the 
main problem to obtain explicit action in terms of component fields (or Af = 1 superfields) is 
that one has to eliminate infinite number of auxiliary Af = 1 superfields contained in the polar 
multiplets. The authors in |^ explicitly constructed nonlinear sigma models on tangent and 
cotangent bundles over the complex projective space CP^~^ = SU{n) /[SU{n — 1) x f/(l)], which 
is one of the Hermitian symmetric spaces, by eliminating auxiliary fields with the help of the 
isometry SU{n) on CP"~^. The cotangent bundle action recovers the T*CP"~^ sigma model 
constructed by the hyper-Kahler quotients jUj. The purpose of the present paper is to construct 
Af = 2 supersymmetric nonlinear sigma models on (co)tangent bundle on another Hermitian 
symmetric space, the so-called quadric surface Q"^^ = S0{n)/[S0{n — 2) xU{l)], with following 
their work. 

This paper is organized as follows. We give a review of the Kahler quotient construction of 
1^ ES] in the rest of introduction. In section 2, we give a brief review of the projective 
superspace. In section 3, we review how to construct nonlinear sigma models with tangent and 

^Stenzel constructed the Ricci-fiat Kahler metric on complexification of Riemann symmetric spaces / ~ 
T*{G/H) See |23E1| for expHcit metric in the case of S'^-^ ~ SO{N)/SO{N - 1). 

^They also studied hyper-Kahler manifolds by using c-map in the projective superspace framework |45j . 
^The work of Gates and Kuzenko was done independently from jZ^lEZ]- In fact it was earlier than |27j . 
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cotangent bundles over the projective space CP""^. We consider a sigma model with tangent 
bundle TQ"'~'^ in section 4. In subsection 4.1, by using the isomorphism ~ CP^ x CP^, we 
construct the sigma model with tangent bundle TQ^. In subsection 4.2, we solve the equations 
of motion for auxiliary fields and derive the TQ"^~^ action. In section 5, we derive the nonlinear 
sigma action with cotangent bundle T*Q'^ via the Legendre transformation. Further we propose 
the the cotangent bundle action for T*Q"~^. Section 6 is devoted to discussion. In Appendix 
A, we review an another method to eliminate infinite set of auxiliary fields based on the duality 
between polar and 0(2) multiplet with some examples. In Appendix B, we show the detailed 
derivation of identities between metric and Riemann tensor. In Appendix C, we derive the sigma 
model with cotangent bundle T*Q'^ with the isomorphism T*Q'^ ~ T*CP^ x T*CP^. We discuss 
the n = 3 case in T'^*^Q"~^ sigma model, and show that the solution for T and the (co)tangent 
bundle action is T^^^CP^'s one in Appendix D. 

Before closing introduction we review how to construct nonlinear sigma models on the quadric 
surface Q^~^ in terms of the J\f = 1 superfields jlHl EH]- Let 4>\x, 9,9) {i = 1, ■ ■ ■ ,n) be chiral 
superfields, -Dq,0* = belonging to the vector representation of SO{n). Introducing an auxiliary 
vector superfield V{x,9,9) (= V"^) and an auxiliary chiral superfield a{x,9,9) {DaCr = 0), being 
a singlet representation of SO{n), the Lagrangian can be written as 

C = f d^9{(P'^'e^ - rV) + ( I £9a(t)'(t)' + c.c.) (1.1) 



with summation over repeated index i implied, and a real positive constant called Fayet- 
Iliopoulos parameter. This Lagrangian possesses gauge invariance 

V^V-k-k\ 0^^eV, a^e'^^a (1.2) 

with arbitrary chiral superfield A(x, 9, 9). Equation of motion of V read 0*'''0*e^ — = 0, which 
can be solved as = — log(0*''"0Yr^). When the superpotential is absent in the Lagrangian 
(|1.H1 . we obtain the Kahler potential of CP"^^ by substituting the solution back into the Kahler 
potential of p.l|) as 

^ = ^'log(l + ^) (1.3) 

with a gauge fixing = ($*, r) (i = 1, ■ ■ ■ , n — 1). But now there exists the superpotential in the 
Lagrangian (jl.lj) . Decomposing 0* in the representation of the S0{n — 2) x U{1) group of SO{n) 
as 0* = (x, , z) (j = 1, ■ ■ ■ , n — 2), the SO{n) transformation law is given by 



i9 






( - \ 




Qij 
















(1.4) 

where 9^^ = ie''\T^yi and {T^^f^ = \{5'''6^^ - 5^^'^). We take the rank-2 invariant tensor as 

J = I 1„ 2 I . (1.5) 
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The equation of motion of a gives the constraint 

02 = ^Tj^ ^ 2xz + y"^ = . 

This can be solved to give 

/ X 



\ 2x 



:i.6) 



:i.7) 



With a gauge fixing x = r, = (r, $*, — ^$ ), we obtain the Kahler potential of the quadric 
surface ^ UHl 113 EH , given by 



= r'ln 1 + + 



4^4 



The Kahler metric can be calculated to give 



+ ., (1-9) 



(i + ^ + 



4r4 



2 Projective Superspace 

The projective superspace |SIIj^|SZI consists of a complex projective coordinate which is an 
inhomogeneous coordinate of CP^, in addition to A/" = 2 global superspace R^'® parameterized 
by 

2^ = (x'^, , ^ = rS i = l,2 (2.1) 

where the index i labels the fundamental representation of the automorphism group SU{2)r. 
Superfields T on the projective superspace are functions of this projective superspace with the 
constraints 

V„T(^,C) = V^T(^,C) = 0, (2.2) 

where and are linear combination of A/" = 2 supercovariant derivatives in four dimensions, 
given by 

V,(C) = I^ia + CD2a , V^(C) = Dl- 01 . (2.3) 
Here the supercovariant derivatives satisfy the following algebra ^ 

{ Aa, D^p] = { Aa, D.^} = , { Aa, ^} = -^iSld^f, . (2.4) 

■^We take the normalization as = jD^Da- 
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Notice that Vq, is the conjugate of Vq, under the composition of complex conjugation with the 
antipodal map on the Riemann sphere, ( and multiplication by an appropriate factor. 

For example, 

V„(C) = (-C)(VJ* . (2.5) 

In the following, all conjugate of fields and operators in projective superspace are defined in this 
sense. 

The constraints ()2.2|) for superfields are analogous to one for a chiral superfield in A/" = 1 
superspace formalism where the chiral subspace is defined. The constraints ()2.2|1 define a subspace 
of the full Af = 2 superspace ()2.1|l . Since a function K(T, T) of superfields is independent of some 
(a half) of the Grassmann coordinates of A/" = 2 superspace by definition ()2.2|) . its integration 
over the orthogonal operators for ()2.3|) . 

A„ = C'D,^ - , = C'Dl + Dl (2.6) 

is invariant under M = 2 supersymmetry. This leads to the following M = 2 invariant action: 

1 /• /• . , A^A^ 



S 



327ri 



/ ^'^£C^C^^^(T,T,C). (2.7) 



Here the integration contour C in the ^-plane is supposed to be chosen to make the action ()2.7p 
nontrivial (i.e. not equal to zero). In the following, we take the contour to surround the origin 
in the ^-plane. 

The algebra for V, V, A and A is given by 

{V, V} = {V, V} = {A, A} = {A, A} = {V, A} = , (2.8) 
{V<„A^} = -{V^,AJ = 429,i. (2.9) 

Using Eqs. (Q, (EH) and (Q with the identities 

A, = r'(2D,- V«), A^ = 2D^ + r^V,, , (2.10) 

the manifestly M = 2 supersymmetric action (j2.7|l can be reduced to the action in terms of 
N = 1 superfields, 

s= [d'x^cf ^^K{nno= f d'z^ i ^Kinno (2.11) 



27ri /c C 16 J 2TTi Jc ( 

with Af = 1 superfield covariant derivative defined by Da = -Dia, and d^z = d'^xD^D^ /IQ = 
d'^xd'^Od'^O. Here T| indicates the 9^ and 9^ independent part of a superfield T. In the following, 
we will simply write it as T. 

The superfields obeying the constraints ()2.2j) are classified into (i) real/complex 0{k) mul- 
tiplets jSI], (ii) rational multiplets [121, (iii) analytic multiplets jH21- Furthermore analytic 
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multiplets contain the so-called polar multiplets and the real tropical multiplets, which describe 
charged Af = 2 hypermultiplets and vector multiplets, respectively [SnilSZ!-^ In what follows, we 
focus on the polar multiplets to consider Af = 2 supersymmetric nonlinear sigma models. The 
polar multiplets and their conjugation can be expanded in terms of ( as 

oo oo / 1 \ 

Tiz,C) = T.'^niz)C, T(z,C) = E^n(^) -7 > (2-12) 

n=0 n=0 \ ^ / 

respectively.^ Here all T„ (and T^) are Af = I superfields: Tq is a chiral superfield, Ti a complex 
linear (or nonminimal) superfield ^46], satisfying the A/" = 1 constraints 

D^To = 0, D'Ti = 0, (2.13) 

respectively, due to the constraints (j2.2j) . The rests of fields T2, T3, . . . , are complex uncon- 
strained superfields, which are always auxiliary once the action is given. 

The free action obeying hermiticity and Af = 2 supersymmetry is given by 

On the other hand, the action ()2.1H) with the polar multiplets T is the most general action for 
Af = 2 supersymmetric nonlinear sigma models on the tangent (but not cotangent) bundles over 
Kahler manifolds. For convenience let us rewrite physical Af = 1 superfields in the projective 
superfields T* (with i labelling projective superfields) as 



^ T(C) 



C=o 



(2.15) 

C=o 



Then, and are regarded as coordinates of the base Kahler manifold and components of a 
tangent vector, respectively, as explained as follows. The action ()2.11|) respects all the geometric 
features which Af = 1 supersymmetric nonlinear sigma model on Kahler manifolds possesses. 
For instance, the action of A/" = 1 supersymmetric nonlinear sigma model 

S = J d^zK{<l>\¥) (2.16) 

is invariant under the Kahler transformation 

K{^, $) K{^, $) + (A(<l>) + A(<l)) . (2.17) 
This invariance can be promoted to 

K{T, T) K{T, T) + (A(T) + A(T)) , (2.18) 

^Cutting off the power series in (|2.12l) at some finite k{> 2), one results in tfie complex 0{k) multiplet. Tfie 
case k = 1 corresponds to the on-shell hypermultiplet, while for k = 2 we obtain two tensor multiplets. 
^The projective superfields T and T are called arctic and antarctic |36[ I37 | . respectively. 
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for the action ()2.11|) . A holomorphic field redefinition — > of the chiral superfields in 

the action ()2.1fij) gives a holomorphic coordinate transformation. This is promoted for the action 

^rn\\ to 



(2.19) 



deducing the transformation laws of and E* as holomorphic coordinates of the base Kahler 
manifold, — >■ /*($•'), and components of a holomorphic tangent vector, S* — ^ ^^($)S-^. Thus, 
the set of fields S*) parameterizes the tangent bundles of the Kahler manifolds. Note that 
the action ()2.11|) is invariant under the rigid U{1) transformations 



T(C) ^ T(e^"C) ^ T„(^) 



1 r 



(2.20) 



which can be regarded as chiral rotations of the fermionic coordinates of the Af = 2 superspace 
(a diagonal group of automorphism group SU{2)fj). This U{1) action is precisely the one in Refs. 
|2ni HI] acting on fiber. 

In Ref. jl3], it was claimed that there exists a minimal extension of every four dimensional 
J\f = 1 supersymmetric nonlinear sigma model described by ()2.1(i|l to four dimensional M = 2 
supersymmetric nonlinear sigma model described by ()2.1H1 . Indeed, it is easy to see that the 
action ()2.1ip involves M = 1 Kahler potential and can be regarded as an A/" = 2 extension. 
Representing T(C) in the form T = $+(^S+^((^) where .4.(0 contains all the auxiliary superfields, 
the action ()2.11|) can be rewritten as 



ir($,<l) . 



(2.21) 



One can see that an extension of A/" = 1 model into M = 2 nonlinear sigma model can be 
obtained via ()2.21|) with corresponding M = 1 Kahler potential. However, since this action still 
includes the infinite tower of auxiliary superfields A, we have to eliminate them by their equations 
of motion, in order to obtain the action in terms of physical superfields $ and S only. Their 
equations of motion read 



1 

2Td 



T 



0, n>2 



(2.22) 



with T*(0 denoting a solution. 

In general, it is difficult to solve ()2.22p exactly and the auxiliary fields can be eliminated at 
most perturbatively [IH]- However, it was claimed in Ref. [43^ that one can exactly solve Eq. 
(|2.22j) if the following conditions are satisfied: 



The Kahler manifold is a homogeneous space, a coset space G/H, with an isometry G. 

The Kahler potential is invariant under the A/" = 1 U{1)r symmetry, defined by $ — > e*°$ 
and S e^"S. 
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The authors in Ref. jlHl showed how to solve the equations ()2.22j) for the CP^ base manifold 
explicitly and constructed M = 2 supersymmetric nonlinear sigma models on the tangent TCP^ 
and the cotangent T*CP^ bundles over CP^. They also wrote down the TCP^~^ model in Ref. 
[44j- In the following, we give a comprehensive review of how to obtain the nonlinear sigma model 
with r*CP"~^. Then, we consider the action with the tangent TQ""^ and cotangent T*Q^~'^ 
bundles over quadric surface = SO{n) /[SO{n — 2) x U{1)]. 



m- 



3 (Co)tangent bundle over CP^ 

The Kahler potential of CP"^^ nonlinear sigma model is given by 



K{^\^^) =rHn(l+^-^] (3.1) 



where (i = 1, ■ ■ ■ , n — 1) are chiral superfields and r is a real constant with mass dimension 
one. The potential for its A/" = 2 extension can be obtained by replacing in (jH.lj) by the 
superfield T*. The equations of motion to the infinite auxiliary fields read from ()2.22|) : 

</4C V = 0, m>2. (3.2) 

It is difficult to find a solution of Eq. (j3.2p at arbitrary point of the base manifold CP"~^. 
However, one can readily find the solution at the origin $ = as 

Tj, = S^C, fl = -y- (3-3) 

Here Sq is a tangent vector at the origin of $. We need a solution T* at $ 7^ 0. In order to 
obtain it, one should take into account that Eq. ()3.2|) is invariant under the SU{n) transformation 
because CP"""^ is a homogeneous space with SU{n) isometry and the Kahler potential ()3.H) is 
invariant under SU{n) transformation up to a Kahler transformation. Then, applying SU{n) 
transformation to the curve Tq{(), one can obtain the solution T* (C) at $ 7^ (see Fig. P). 

Let 0* = {x,y^)^ {j = l,---,n — 1) be homogeneous coordinates of CP"^^. Infinistimal 
SU{n) transformations for 0* can be decomposed into jlH] 



^ 2(n-l) g 
n 




(3.4) 



^We take the notation that repeated indices mean the summation with respect to them even if they are at the 
same upper(down) positions. For instance, A^^ = '^■A^^BK Throughout this paper, we respect upper and 
down indices as vector and covector, respectively. 
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Figure 1: Base manifold CP"^^ with its tangent spaces at $ = and $ 7^ 0. One can arrive at 
any point $ 7^ from $0 = by SU {n) transformation with parameters e and e on the manifold. 
By using the transformation law for $, the tangent vector at $ 7^ is also obtained. 



where T is the U{1) generator, E^{E^ = [E^Y) is n — 1 raising (lowering) operators represented 
by upper (lower) triangle matrices, and p{Ta) is an n — 1 by — 1 matrix for the fundamental 
representation of SU{n—l). From Eq. ()H.4j) . one can obtain the action of the finite transformation 
on the homogeneous coordinate 



xsinA 
A 



+ 2/^'- ^(1- COS A) 



(3.5) 



with A = e^ej = e ■ e. Here we take 9 = 9"^ = since such a parameter choice is sufficient to 
consider the point $ 7^ 0. Using Eq. ()3.5p . one obtains the transformation law for inhomogeneous 
coordinates = ry^x (i = 1, ■ • • , n — 1) of the CP"~^ as 



-re' sin A _j_ 



A cos A 



cos A 



£(£±01/1 
A^ cos A \ 



COS A) 



1 _|_ €-^0 sin A 
rA cos A 



(3.6) 



Eq. ()3.6|) tells us a transformation law for the tangent vector E* 



(3.7) 



<I>=$0 



Substituting $0 = into ()3.6p and ()3.7|) . one obtains the transformation law from the point 
$0 = to $ 7^ as 



r($o = 0) 



^0 



re* sin A 
A cos A 
f 6'^ 



e'e- 



cos A A^ cos^ A 



[cos A - r 



y^ 
^0 



(3.8) 
(3.9) 



10 



Here V^j can be written in terms of with ()3.8p as 



^) = + ^ ^"-^^-f + ^11 ' (3.10) 



and its inverse is given by 



Taking that T* follows the same transformation law with ()3.6|) into account, one finds 



-re^ sin A , _ e^je-Tp) /-, _ „„„ 

T* = PCT ) = ^ COS A ~ COS A A? cos A V ^ /o lo) 

* J V 0/ £-To sin A ■ V ■ / 



rA cos yl 

By using (j3.3|) and (|3.8|) . Eq. (j3.12|) can be rewritten in terms of and Sq as 

T:= . , 3.13 

1 - ($ • So)C/r^ 

with 



Using ()3.9p and ()3.11|1 . we obtain a simple form of the solution 

. $^(1 + |$^|Vr2) + C |S*(1 + |$^|Vr2) - • E)/r2} 

l + |$'=|7r2-C($.S)/r2 ■ (3-^^^ 

It can be easily checked that this is actually the solution of (j3.2p by substituting (j3.15p into (j3.2p . 
Replacing $* in the Kahler potential ()3.H) by T* in Eq. ()3.15p . we obtain 

, . . , S , (1 , ^) , {1 - (|.T . -.pl^) } , (3.16) 

with ^ defined by 

^ = _^2i^^ C il^V (3.17) 

After integrating over the projective coordinate and introducing the Kahler metric of CP""^ 



^'jj = „5 , l^fcl-? ~ 1^^. , l^frl^^N^J ' (3.18) 
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we finally obtain the following action 



S= I d'^z lrHn(l + ^-^] +rHn(l - \gf,i:'j:M . (3.19) 



This is the action of the nonlinear sigma model with the tangent bundle TCP"~^. Since the 
second term vanishes when S = holds, the first term is the Kahler potential of the base CP"'~^ 
and the second term represents the tangent space. This form was obtained for TCP^ in Ref. 
and for TCP""^ in Ref. |44|. 

In order to obtain the cotangent bundle, we need dualize the complex linear superfields 
in the action (|3.19p into chiral superfields ipi being components of a cotangent vector via the 
Legendre transformation. The resultant action can be identified with a hyper-Kahler potential. 
The action can be dualized if we replace the action ()3.19|) by the following one: 

S = Jdh jr^ In (^1 + + In (l - ^g.-U^U^^ + t/^, + U^)^ , (3.20) 

where is the complex unconstrained auxiliary superfields. By the construction, is a tangent 
vector at point $ of the manifold and therefore ipi is a one- form at the same point. Eliminating 
the auxiliary variables [/* and f/-^, with the aid of the equations of motion 

dS -gf.W 

= ~Tr.rl/2 +V^ (3.22) 

(7(7* 1 — g.qU^Ui jr^ 

results in a purely chiral sigma model which is dually equivalent to the M = 2 supersymmetric 
model ()3.19p and is defined on the cotangent bundle T*CP"^^. The final result is jTTl 1^ 

5 = |ci«z|r2 In (^l + ^^-r^n (/(«:)) + 2r2-^|, f [n) = + VI + Ak) , (3.23) 

where k = g^^ipiipj/r'^ and g^^ the inverse metric of gij. 

Here we solved the equation of motion (|3.2p to remove the auxiliary fields. There is an another 
method to eliminate the infinite auxiliary fields, which is briefly reviewed in Appendix A. 



4 Construction of tangent bundle TQ^ 

In this section we construct the nonlinear sigma model with tangent bundle TQ^^'^ ~ '^^ so{n-2)xU{ 
Here we use a strategy different from the last section, because it is difficult to solve the equa- 
tions of motion ()3.2|) for elimination of auxiliary fields in this case. First we consider the n = 4 
case of (called the Klein quadric) by noting the isomorphism Q"^ ~ 5*0 (4) /[SO (2) x ?7(1)] — 
[SU{2) X SU{2)\/[U{1) X [/(I)] ~ CP^ X CP\ We then solve the equations of motion for auxil- 
iary fields in this TQ^ case. We can show that the solution can be extended to the TQ"^~'^ case, 
and then construct the TQ'^~'^ model. 
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4.1 First look: TQ^ 



Let us start in the base manifold. Considering the isomorphism mentioned above, the Kahler 
potential of the nonlinear sigma model with can be described by 

= r^ln 1 + ^+ ' ' ^ ' 1 , z = l,2. (4.1) 





|$2| 


1 + In 1 14- 





|<I>1| 


2 


|<|)2 






r' 


4 





Using the unitary transformation 



(4.2) 



we arrive at the Kahler potential p.8|) with i = 1,2 for Q^. The Kahler metric is then given by 
Eq. jrH) with 2 = 1,2. 

Next we consider its tangent bundle. Replacing the chiral superfield in Eq. ()4.1|) by the 
scalar multiplet T*, we arrive at the action of the tangent bundle: 

S = f <f^{K{T\f^) + K{T\f^)} (4.3) 



with 



K{T\ T') = In |^1 + j , (no sum) . (4.4) 

Since the calculation for the CP^ case in the previous section can be done independently for 
each term in ()4.3|1 . the resultant action is just a sum of the action ()3.19j) with a different kind of 
chiral and complex linear superfields: 

|$i|2 |$1|2|^2|2\ 



+'-^i"(i-|:G.i^+>iG,iE'nE^i^)j 

where Gi is the metric of CP^ given by 



(4.5) 



= ^;7iT2 ' (iio sum) . (4.6) 

1 + ^ 

In Eq. fl4.5|l . the first term is the Kahler potential of the base manifold and the second 
one is of tangent one. This form of the action is in particular coordinates and so it is better 
to rewrite it by geometrical quantities such as Kahler potential, metric and Riemann tensor. 
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Indeed, as shown in (jl.Sp . the first term is written by Kahler potential after performing unitarity 
transformation. Let us focus on the tangent vector sector (second logarithm). Taking that the 
tangent vector E* follows the same unitary transformation law with one of into account, we 
find that the term J2'i=i G^i|S*p/r^ is the form of gijT,'^'E\ where g^j is a metric of quadric surface 
given in Eq. ()1.9|) . The last term in the second logarithm, GiG2|S^p|E^p, can be rewritten by 
the covariant quantity by noting that it is in forth order in S or S. First, we calculate (5'jjS*S-')^ 
in the frame taken in ()4.5|) . 

igfjj:'fyf = g?|eY + gI\j:^\^ + 2GiG2|sinsY . (4.7) 



Another forth order term is 



i?-fc;S^S^S'=E^ = -J 



2|SH^ 2|S2|4 



= -l(G?|SY + G^|S2n, (4.8) 

where Rijki is Riemann tensor defined by Rij^i = dkdjgfj — g'^^dmgfjdngkT- Using ()4.7j) and ()4.8|1 . 
we get the relation 

GiG^IE^HeT = 1 |(^,jE^E^^)2 + ^i?,.,,-S^S^^S^E'j . (4.9) 

Putting all together, and performing the unitary transformation, we finally obtain the action of 
the tangent bundle TQ"^ over quadric surface 



S = (fz 



I y,2 ^^4 I 



(4.10) 



There appear the fourth order terms of the tangent vector. This is a particular form of the general 
expression of the hyper-Kahler sigma models suggested in (2.47) in Ref. ^42j. The method which 
we use is simpler and easier than solving the equation of motion ()H.2|1 as performed in the previous 
section, in which one may suffer from rewriting the transformation parameters e* and e* in terms 
of as has been done in ()3.15|) and also from finding the form of the tangent bundle action 
()4.10|) . In the following subsection, we solve the equations of motion for auxiliary fields for TQ""^ 
case as the same with the TCP"~^ case. Then, we show that the tangent bundle action (j4.1(Jj) 
is also valid in TQ""^ with simply extending the index i to run from 1 to n — 2. 

4.2 Solving the equations of motion and deriving TQ"^^ action 
We start with M = 2 extension of the Kahler potential of 

ir(r,T^)=r^ln 1 + L^ + L^A_X . (4.11) 
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The equation of motion for auxiliary fields of the polar multiplet reads 



2m Ic C r4 + r2|T^|2 + i(T^)2(Ti)2 







m > 2. 



(4.12) 



It is easy to check that the same solution with (j3.3p also satisfies this equation. We can obtain 
the solution at $ 7^ by applying the finite SO{n) transformation to the curve (j3.3p since (j4.12j) 
is SO{n) invariant. 

In the following we again focus on the n = 4 case, TQ^, for a while. Using Eq. (jl.4j) leads to 
the finite 30(4) transformation law for the homogeneous coordinates as 



X 



-(cos/9+ + cos/3_)xo + 



'?)^(cos /3+ — cos /3_ 



A\2 



(4.13) 



2A 



[cosp. - cos/3+){e^(e ■ yo) - yi{e ■ e) + ?(e ■ yo)} + A(cos/5+ + cosp_)yi 



sin P- + sin P-^ 
2Xp+p_ 



-Xo 



P+j\_ sin /3_ + P-Y- sin P-i 
2Xp+p_ 



-Zo 



where 



A = 
P+ = Ve-e-X 



P^ = Ve-e + A, 



7; 



= [e 



? + e'X , 



7: 



? + e'X 



(4.14) 



(4.15) 

(4.16) 
(4.17) 



Using the definition of the inhomogeneous coordinates of quadric surface = ry^/x, the trans- 
formation laws for and are given by 



y 

r — 

X 



P+Y+ sin P_ + P-Y- sin P^ 
#0=0 Xp+p-{cosp+ + cosp-) 

cosp^ - cosp+){e'f^ - S'^{e ■ e) + ?V) 



A(cos /?+ + cos /3_) 



^0 



(4.18) 



(4.19) 



Here, in the first line in Eq. ()4.19|) . we have replaced the third term written by e and e with 
and defined in ()4.18|) . Since the transformation law for T* is the same with one of $*, we can 
obtain the T* at non-zero value of from ()4.13|1 and ()4.14|1 as 



cos/3+{-6^(6 ■ To) + P'_V, - #(6 ■ To)} + cosP^je^je ■ Tp) - /?^T^ + e^je ■ Tp)} 

A (cos /?+ + cos /9_) 
P+Y+ sin P- + P-Y_ sin /5+ /5+7+ sin P_ + /3_7!_ sin P^ 



—r 



+ 



A/5+/3_(cos /?+ + cos /3_) 2rA/3+/3_(cos /3+ + cos /5_) 
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/?+(7+ • To) sm/3. + /3_(7- ■ Tp) sin/3+ V (^)^(cos/3+ - cos/3. , 

rA/3+/?_(cos/3+ + cos/5_) + ^ . . o 



k\2 



2r2./(ei)2(cos/3+ + cos/3_) 



(4.20) 



Let us rewrite Eq. ()4.20|) in terms of and S*. In order to do that, we need some formulas. 
Using the expression ()4.18|1 we have 



($^)2 = 
($^)2 = 

Multiplying KTTl and (jOS), we get 



2H(e*)2(cos/3+-cos/3_ 
A (cos /3+ + cos /3_) 

2r2(?)2(cos/3+-cos/3_ 
A (cos /5+ + cos P-) 



^ ^ ^ ^ (cOS/5+ + COS/?_)2 ■ 



Dividing by (jOS), we find 



'?)2 



($i)2 



(e^)2 J($.)2 



(4.21) 
(4.22) 



(4.23) 



(4.24) 



Using (jUIHl), and Eq. (IOn|) can be rewritten as 

cos/3+{-e'(e ■ To) + /J^Tj, - e^ie ■ To)} + cos/3_{e*(e ■ To) - /J^T^^ + e^{e ■ To)} 



T* 



A(cos /3+ + cos /3_) 



-(T^ 



4^4 -oJ 



(4.25) 



Further, using ()4.19|) with Tq = C^O' obtain a simple form 



T*^ 



t.H-c(E--^^gffi^)-c- *''"''"°y"°'"' 



(4.26) 



To complete the work, we have to find the expression of Vq in terms of $*. The result is 



Q 



|^fcj2 $1J,2_|,1^2 

|(J)fc|2 I ; 



(1>1(J)2_([,1([52 



2r2 
1 + 



1 + 



^ft|2 



2r2 

<J>1<|2_|,1^2 



r-1 I ' 2r2 

' (I>1<I>2_$1<J,2 

2P 
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1 + 



2r2 
|(f,fc|2 

'2^ 



(4.27) 
(4.28) 



with 



1 



|<|)«|2 ($»)2($J)2 



Eq. leads {VQ'%y^ 



L~^6^^ and we obtain the final form of the solution 



(4.29) 



2r2 



4r4L 



(4.30) 



This solution satisfies the equation of motion ()4.12|) for the TQ^ case of = 4. 

Let us turn back to general n. When one tries to derive the solution T'^ for higher dimensional 
case (n > 4), it might be problematic to convert the transformation parameters e* and ? in Vq 
and Vq^ into the base coordinates $ and eventually to find the final form of the solution T*. 
But fortunately if one respects the solution ()3.12|) of = 4 by making the index i run from 1 
to n — 2, it becomes a solution for general n. Indeed, one can straightforwardly check that it 
satisfies the equations of motion ()4.12j) by substituting Eq. ()4.3()j) into ()4.12j) : 



dc 



2niJc r4 + r2|T^|2 + l(TJ)2(Ti)2 
2ni Jc C ^($, S) 



Ar\t^fY' - 8r\(<l ■ S)(r' + |$^f )r + C\^''f{^^YY' 

+ 8A^(r2 + |$^f - C($ ■ S))F^ + 2{^i fr'^C {2(<l> ■ S)F^ + C{2\¥\^Y' + 2r2r* + ($J)2F^ 

(4.31) 



-2C($-s)r^ + c^(s^yF^)} 



where 



($-S)($^)2^ 
2^^2 



2r2 



(4.32) 



Here the denominator in the integrand can be written as C^5'($,S) and the function of $ and 
E, g{^, S) can be factored out from the integral. Recalling that m > 2, the numerator is a 
polynomial starting from an order of C° in the m = 2 case. In this case, the terms greater than 
the first order of C, vanish because of the residue theorem and the terms in the order of C° only 
remain. However, they cancel and the integral becomes zero. In the case m > 3, the integral are 
trivially zero since all terms in the numerator starts from first order of C,. 

Substituting the solution ()4.30|1 . with the index i running from 1 to n — 2, into the Kahler 



potential 1)4.111) . we can derive the nonlinear sigma model action with TQ" ^ space: 

1 



S 



2m 



dC 

c 

1 



^ + * + rMn 1^1 + 
1 



|<|)»|2 ($*)2(<|)i)2^ 



2r2 



(4.33) 
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with defined by 

. _ _.M„{l-^(*...(^).C^(m^). (4.34) 

After performing the ^-integration, we arrive at the same form with (|4.im) with the index i 
running from 1 to — 2. 

In Appendix |Dl we show this action in ra = 3 coincides with the result in section 3 due to 
isomorphism ~ CP^. 



5 Cotangent bundle r*Q^-2 

Here we consider the nonhnear sigma model action with the cotangent bundle over T*Q"~^ 
(hyper-Kahler potential). To obtain the cotangent bundle, we need dualize the tangent vector 
into cotangent one ipi. In order to do that, let us consider the following Lagrangian instead 
of the tangent bundle action (|4.1Up : 



S = (Fz 



In ( 1 



|$»|2 ($')2(<|)i)2^ 



+r' In 1 - ^g^U'lP + — {g^.U^U'^f + -R^.^jU'UW^U' + + U'i^, 



(5.1) 



where and are unconstrained superfields, regarded as a tangent vector, and ipi and 
are chiral superfields, regarded as a cotangent vector. Equation of motion of if) brings back to 
original Lagrangian ()4.1Up . On the other hand, varying with respect to and ^ we obtain 

_ 9^^-^9^P-\Ri^HU^U'U' .... 
T _ g^'-^giP'p-\R^uU'U'u' 



1 _ A _L ^ I _2_ 



where 



p = g^U'W, a = R.j.iU'WU'^UK (5.4) 



Multiplying ()5.2|) and ()5.3|) by f/* and U\ respectively, we get 
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Substituting Eqs. ()5.2|) . ()5.3|) and ()5.5|) into the action (jS-H) . one can see that the action (jS.ll) is 
a function of the covariant quantities p and a along with base manifold coordinates In the 
following, we show that p and a are written by quantities 

e = g^^^^-j, X = R^'''ir,ij,ij-,iji, (5.6) 

which are possible scalars in terms of cotangent vectors ipi and '?/^. In order to do that, first we 
substitute ()5.2p and ()5.3p into Eq. ()5.6|) . and show that ^ and x are written in terms of p and 
a with the help of the identities between metric and Riemann tensor. Then, solving them with 
respect to p and a, and substituting the solution into the action ()5.H) . we obtain the cotangent 
bundle action. In the following, we give an explicit calculation on the T*Q^ case. The detailed 
derivation of the identities in this case is given in Appendix El The resultant equations after 
substituting ()5.2|1 and ()5.3|1 into is 



Solving Eqs. ()5.7p and ()5.8p with respect to p and a we obtain 




P 



2r4 

n2 



4r^ 



— -^+^ + — 1' (5-7) 



^2, 



2 ^ 



-4 



2pa 6p cr 2p'^cr 



2p5 ScT^ 



2r2 



2r^ 7^ 



pa 



4 

p 0" a 



+ 



p^a^ 



4^8 IQr^ 4r^ 



6p^ 



(5.8) 



cr 



-4r^ < 



1 + 



+ 



i + \/i + i-2A/-§^- 



.5' _ X 



(5.10) 



Substituting back ()5.9|) and ()5.10p into the action ()5.1|) . we obtain the action for the contangent 
bundle T*Q2 



19 



V 



+ 




(5.11) 



This action is of T*Q^. When one tries to derive the cotangent bundle action of T*Q^~'^ case, one 
comes across difficulty in deriving the identities for cotangent bundle action for T*(5"~^, as shown 
in Appendix El However, we believe that this form of the action would be also valid in TQ""^ 
case with extending the index to run from 1 to n — 2, since the action is written in geometric 
quantities such as Kahler potential, metric and Riemann tensor as in the tangent bundle case. 

One might consider a possibility that invariant quantities higher in ip such like {g^^ tpitpj)^ 
and {g'^^2pi^pj){R^''"^"'2jj^'ipi'ijjrh'ipn) together with ^ and x appear in the cotangent bundle action. 
However, one can confirm by deriving the cotangent bundle action in another way that such 
terms do not appear. We derive the action (jS.llj) with the similar method used in subsection 14.11 
Using the isomorphism T*Q^ ~ T*CP^ x T*CP\ we can represent the T*Q^ action as a sum of 
two T*CP^ action with different coordinate variables. Although naive summation is not written 
by geometrical quantities, similarly to the tangent bundle case, we can write the action in terms 
of metric and Riemann tensor. Finally we can reach the same form with 1)5.111) which is written 
in terms on ^ and x with base manifold coordinates. It is shown in Appendix O Discussion on 
n = 3 case is given in Appendix O 

6 Discussion 

We would like to propose possible future works. Potential terms in A/" = 2 hyper-Kahler nonlinear 
sigma models are known to be written in the form of the square of a Killing vector of the target 
space jSniEll- Recently these potentials in the framework of the projective superspace has been 
established [SHI by gauging the isometry to obtain the potential and then by freezing it. Using 
this method we could construct the potential of our T'^*)Q" nonlinear sigma model. Massive 
extension of T*CP^^^ and T* Grassmann j^ZI nonlinear sigma models were formulated by the 
hyper-Kahler quotient in the harmonic superspace formalism as well as components and Af = 1 
superfields. These models are known to admit various (composite) BPS solitons, like domain 
walls jSHl EHl US]; (Q-) lump-strings 60^ (vortex-strings lEIl), domain wall junctions 
strings stretched between walls [HSlini], intersecting vortex-strings I66j. and other solitons 
|U7j . See [HHlinnilZn] for a review in this subject. So constructing the massive T*Q"' model and 
investigating BPS solitons in it are interesting future directions. 

We have seen in the Lagrangian (jl.ll) in the introduction that the Af = 1 model can be 
constructed by the Kahler quotient. It has been found [5^1^11^11021103 that the hyper-Kahler 
quotient construction is crucial in solving the BPS equations to construct all the exact soliton 
solutions. Therefore, hyper-Kahler quotient construction of the (massive) T*Q^ model is awaited. 
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M = 1 superfield formalism is difficult to perform it because the superpotential exists even in 
the massless case The projective superspace formalism should be useful to construct the 

massive T*Q^ model in hyper-Kahler quotient. 

The cotangent bundle over the projective space CP"~^ can be locally written as 



SU{n) 



SU{n-l) X U{1) 



SUin) , , 



Therefore, this is in cohomogeneity one. It was proved [7T] that this is the unique cohomogeneity 
one hyper-Kahler manifold. On the other hand, T*Q^~'^ can be locally written as 



SO{n) 



S0{n-2) X f/(l) 



2 SOjn) 



which is in cohomogeneity two. Cohomogeneity two hyper-Kahler manifolds were discussed in 
[72] but complete classification is not yet known at least to our knowledge. We hope our example 
is useful to explore hyper-Kahler manifolds with higher cohomogeneity. 

There exist other Hermitian symmetric spaces, Gn,m = SU{n)/[SU{n — m) x SU{m) x f/(l)], 
S0{2n)/U{n), Sp{n)/U{ri), ^6/^0(10) x U{1) and Er/Eg x f/(l). A Kahler quotient construc- 
tion of these manifolds was given in 0H]-^ It should be possible to construct (co)tangent bundles 
over Hermitian symmetric spaces [SH] in the framework of the projective superspace. Extension 
to (co)tangent bundle over arbitrary homogeneous Kahler manifold G/H is one goal of this sub- 
ject. To this end, tangent bundles are in more compact form than cotangent bundles as seen in 
the cases of CP" fl3.19p and fl4.10|) . General form of the Kahler potential of tangent bundle 
over arbitrary Kahler manifold [26j 27^ expanded in terms of a tangent vector S was proposed 
in 144j . There, each coefficient should be written in terms of the metric, curvature, covariant 
derivative like the cases of CP" (I3.19p and (I4.iup . but explicit expression is not known in 
general. This expansion is very similar with the Kahler normal coordinate expansion j]^. We 
hope that Kahler normal coordinates are useful toward the construction of general action of 
hyper-Kahler nonlinear sigma models on (co)tangent bundle over arbitrary Kahler manifold. 



Acknowledgements 

We would like to thank Rikard von Unge for useful discussions and comments, especially, on 
duality between polar and 0(2) multiplets. We thank Kiyoshi Higashijima and Ulf Lindstrom for 
discussions. M. A. acknowledges the Institute of Physics in Prague and the Masaryk university 
for their hospitality while M. N. is grateful to the Helsinki Institute of Physics for their hospitality. 
The work of M. A. is supported by the bilateral program of Japan Society for the Promotion of 
Science and Academy of Finland, "Scientist Exchanges" while the work of M. N. is supported by 
Japan Society for the Promotion of Science under the Post-doctoral Research Program. 

*The Calabi-Yau metrics on line bundles over Hermitian symmetric spaces were constructed [HJIZnij which 
are all in cohomogeneity one. 



21 



Appendix 



A Duality between polar and 0(2) multiplets 

Here we show the other way to ehminate infinite number of auxihary fields, which is not mentioned 
in the text. The point is to perform a duahty transformation j32[ [73] between the polar multiplet 
T and real 0(2) multiplet defined by 

r/ = $ + CS-C^$, S = S. (A.l) 

The duality transformation is possible only if the polar multiplet appears as the linear combi- 
nation such that T + T in an action. After the duality transformation, the action is described 
by 0(2) multiplet and there is thus no auxiliary fields. ^ Let us illustrate this with a couple of 
examples. 

Firstly we consider the fiat space. Let us start with an action depending on the arctic 
projective multiplet T: 



This is a sigma model in fiat space since the Lagrangian consists of the Kahler potential TT of 
fiat space and a Kahler transformation. Now we instead introduce an 0(2) multiplet t] and an 
unconstrained projective superfield X 



(A.3) 



Varying with respect to rj tells us that X can be written as a sum of an arctic and antarctic field 
X = T + T and we are back to the original model. If we on the other hand vary with respect to 
X we get an equation 

X=^. (A.4) 

Inserting this back into the action we get 

which is the action for a sigma model in fiat space written with an 0(2) multiplet. 
In the second example, we start from another Kahler potential in fiat space: 



^As more general case, there is duality between the real 0{2p) and polar multiplets 36 , which involves the 
case we will discuss below. 
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In the same way, we introduce an 0{2) multiplet r) and a polar multiplet X to get the action 

Again, integrating out r] tells us that X can be written as a sum over an arctic and an antarctic 
multiplet while integrating out X gives the action 

This is also a known form of the action for a sigma model in flat space. There is one unresolved 

issue here with the integration contour. Because of the nonsingle valuedeness of the log, the 
integration contour will not be simply a contour around the origin but rather a shaped curve 
around the zeroes of the quadratic polynomial ^^(C)- 

This method can be applied to any Kahler potential which can be written as a function of 
T + t. Namely 



Integrating out X one gets 

f'(X) = ^ 



/W = ?, (A.IO) 



which can be formally inverted to give 



X^grl). (A.11) 



Inserting this back into the action gives 

Technically we see that the new action is the Legendre transform of the old one. For example, 
starting with the Kahler potential of T*CP^ In (l + e^+^), we get 

= /^V^(-f'"(f)-(-f)'"(-f))- 

which is again a known form for the nonlinear sigma model with the Eguchi-Hanson metric. The 
contour is still an issue similarly to the flat case e^"*"^. As be seen, one sees how one does not 
have to solve the infinite number of equations although it is not applicable to the quadric surface. 
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B Deriving equations ( 15.71 ) and (15.81) 



In this Appendix, we show how to derive the equations ()5.7p and ()5.8|) . Substituting ()5.2p and 
(|5.3p into ^ and x leads to, after some algebra 



r2 2r4 4r2 / 



X P 



2p2 



^4 ^2 ^ 



1 - 4 + :e-T + ' 



2^4 4^2 



X 



.y^2 ^4 ,y^6 ^8 



+gi^gMRn]r>,RucdU'^U-UWm-^U'um^ (^^ - ^ + 



(B.i; 



(B.2) 



It is seen that these equations are not closed with respect to p and a. However, using identities be- 

? - -f? - 



tween metric and Riemann tensor, one can rewrite terms such like g'~^ Rii„.Rki^fiU^UPU'^U''U"'U'' 



in the right hand side in ()B.1|) in terms of p and a. 



First we consider Eq. (|B.1|) . Calculating last term in the right hand side in ()B.1|) in the frame 
taken in ()4.5|) . we find 



g'^R.jp^R.j^nU'U^U^U'U'-U'' 



4|f/l|6 4|f/2|6 
+ 



(1 + ^)'' r^(l + 



11-2^ 



(B.3) 



On the other hand, it is shown that 



2\U 



116 



2\U 



216 



pa 



r2 1 + ^ 



(1 + 



1*2 



-^GiG2|f/TI^ I (Gi|t/T + G2|t/r) • 



(B.4) 
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Using (|R3|l . (lR4j) and (gH) with p = gfjU'U'^ , we get the following identity 

g^ma^,R,j^^U%W^U'U'-m = - . (B.5) 

Since this identify is written by geometric quantities, it holds in arbitrary frame. Substituting 
(jR5|l into dEU, we obtain (jEH). 

Next we consider Eq. ()B.2|) . Once again choosing the frame taken in (j4.5|) . we find the 
following identities: 

R'''''gn]g^mgk-.RirnnpRa]b-cRyl^u,U^U'^U'^^^ - 
R''~^'gn]g^mR^rnnpRa]bcRk^yzRdlefU'^U''U^^^ - 

I I I 

(B.8) 

Substituting (lR5|l and (|R6|1 - (IR8|i into (pl2|l . we find the equation 



4p4 


^2 ^ 






4p5 


(B.7) 




^8 






12pV 


12pV2 




^8 





C Derivation of cotangent bundle without using Legendre 
transformation 

Instead of using the Legendre transformation, we can directly obtain the cotangent bundle action 
()5.11|) for T*Q^ case. Similarly to the tangent bundle case, with the isomorphism T*Q^ = 
T*CP^ X T*CP^, the action for T*Q^ can be written as a direct sum of two actions of cotangent 
bundle over CP^. Using the action ()H.23|1 . we have 

^i|2 |^1|2|^2|2\ 



^2 ,y^4 / 



where 



-rnnf{K,)+2r'—^-r'\nf{K,) + 2r'-^\, (C.l) 

/(/tl) /(/t2) J 

/(Ki) = hi + VI + 4k,) , = ^G'V*^! , (no sum). (C.2) 

2 r"^ 

Here Gi is defined in fl4.6p . In the following, we rewrite the action ()C.1|) in terms of geometric 

quantities similarly to the tangent bundle case. We consider the two quantities ^ = g^^ipii'] and 

X = R^^'^^ipiipjipk'ipi as possible invariant forms written by ipi and ipj as the same with in section 

5. In the frame taken in ()4.5j) . one finds 

e = + (C.3) 



Gi G2 
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Using (f(l3jl and (Kl4D leads to 

Lri (_T2 Lri(jr2 / (Jl(j2 

From ()C.3|) . ()C.4|) and ()C.5|) . we get two equations 

/^i + '^2 = ^ , (C.6) 



Solving (jCIGj) and (jCITj) with respect to ki and K2, we obtain 



Substituting back this solution into the action ()C.1|) and performing the unitary transformation 
(|4.2j) . we arrive at the action (jS.llj) . 



D r(*)Qi case 

Here we consider the n = 3 case in the Sigma model with T(*)Q"-2, say, T(*)[50(3)/50(2)] ~ 
TWCP^ In this case, everything is drastically simplified. The Kahler potential ()1.8|) in this case 
reduces to the CP^'s one: 

Ki^% = In (1 + ^ + = 2 In (1 + . (D.l) 
Eqs. fBTTH|l - (pTT7jl become 

A = ee, (D.2) 

= 0, = V2ii, (D.3) 

7+ = 2eA, 7_ = . (D.4) 

Now the transformation factor Vq in Eq. ()4.19|1 can be simply written as 



1$ 



12' 



S = 1^qSo= 1 + ^ So. (D.5) 



Substituting these expressions into ()4.2f)|l . we find 

]$£ 
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This result coincides with one of ()3.15|) in the n = 2 case with rescahng r r/ \/2. 

We can also see that the actions ()4.10|) and ()5.11|) reduce to ones of TCP^ and T*CP^ in the 
n = 3 case. In this case, the covariant quantities p, a, ^ and x become 

P^G|Sp, a^-^G'\J:\\ (D.7) 

x^-j.G-'\^\\ (D.8) 

and Eqs. ()C.8|) and /(/tj) are 

/«i , /«2 , (D-9) 

f(n,)JiK2)-^ fin), (D.IO) 

where G = (1 + |<l>|7(2r2))"^ and /(k) = | (^1 + \/l + I^J^ Using these formulas, we find that 

the actions for tangent and cotangent bundles coincide with (|3.19|) and (|3.23|) in the n = 2 case, 
respectively, with rescaling r r j ^2. 
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